Bates JH. Modeling the impairment of airway smooth muscle force by stretch. J Appl Physiol 118: 684 -691, 2015. First published January 8, 2015 doi:10.1152/japplphysiol.00938.2014.-Imposed length changes of only a small percent produce transient reductions in active force in strips of airway smooth muscle (ASM) due to the temporary detachment of bound cross-bridges caused by the relative motion of the actin and myosin fibers. More dramatic and sustained reductions in active force occur following large changes in length. The Huxley two-state model of skeletal muscle originally proposed in 1957 and later adapted to include a four-state description of crossbridge kinetics has been widely used to model the former phenomenon, but is unable to account for the latter unless modified to include mechanisms by which the contractile machinery in the ASM cell becomes appropriately rearranged. Even so, the Huxley model itself is based on the assumption that the contractile proteins are all aligned precisely in the direction of bulk force generation, which is not true for ASM. The present study derives a coarse-grained version of the Huxley model that is free of inherent assumptions about cross-bridge orientation. This simplified model recapitulates the key features observed in the force-length behavior of activated strips of ASM and, in addition, provides a mechanistically based way of accounting for the sustained force reductions that occur following large stretch.
IMPOSED LENGTH CHANGES OF only a small percent cause transient reductions in active force in strips of airway smooth muscle (ASM) (1, 9) . These force reductions are due to the temporary detachment of bound cross-bridges by the relative motion of the actin and myosin fibers (1, 23) and are generally modeled using adaptations of the Huxley model of skeletal muscle (4, 23, 26) , which is modified to include the Hai-Murphy fourstate description of cross-bridge kinetics (13) . A more sustained reduction in active force reduction, however, can be shown to occur following dramatic changes in length. Evidence for this phenomenon in vivo requires rather severe lung inflations during the development of bronchoconstriction (2) , but it is readily demonstrated in vitro by subjecting activated strips of ASM to sudden stretches of sufficient amplitude (1) . Recovery from this kind of force reduction is much slower than would be expected of normally cycling cross-bridges, suggesting that the mechanism responsible represents a more profound disruption than myosin cross-bridges merely becoming detached from their actin attachment sites.
We previously developed a computational model of ASM dynamics that takes into account the passive rheological properties of the connective tissue component of ASM as well as its cross-bridge kinetics (1) . This model accurately accounts for the dynamic force-length behavior of activated ASM strips when length changes are small, but it contains no mechanism to account for the sustained decrements in active force produced by sudden, brief increases in length of more than about 5% (1) . Models based solely on the Huxley model of skeletal muscle contraction (16, 17, 34) are also not able to account for this protracted decrement in stretch-induced force reduction (23, 24, 26) . However, Silveira et al. (32) , Brook (4) , and Donovan (7) developed models that include remodeling of the contractile and force-bearing structures within the ASM cell, and which are able to mimic the adaptation of force generation caused by changes in ASM length, in line with experimental evidence that intracellular structural alterations are required to account for these phenomena (27) .
The models of Silveira et al. (32) , Brook (4) , and Donovan (7) represent important advances in our understanding of ASM dynamics, but they highlight a conceptual conflict between the representation of structural remodeling and the use of the Huxley model in describing ASM dynamics. Specifically, structural remodeling requires that the contractile proteins in ASM be labile and thus relatively unconstrained in their spatial organization, whereas the Huxley model is based on the assumption that the contractile protein fibers are all oriented precisely in the direction of overall force generation (16, 19, 34) . Although this assumption is arguably appropriate for skeletal muscle, the contractile machinery inside an ASM cell is oriented over a range of angles (33) and it is difficult to imagine that the active reorganization of this machinery during muscle contraction would result in perfect alignment. In an attempt to reconcile the advantages of the Huxley model with the difficulty just alluded to, we derive here a coarse-grained version of the Huxley model that is free of assumptions about contractile fiber orientation. We further show that the modified model provides a mechanistically motivated way of accounting for the sustained reductions in active ASM force that have been recorded following large stretch.
METHODS
Model derivation. The Huxley model accounts for the macroscopic force and velocity of muscle contraction as the summed effects of a very large number of myosin cross-bridges that bind to and unbind from their target actin binding sites. It is assumed that at any point in time each cross-bridge is either unbound, in which case it does not contribute to force and velocity, or it is bound to an actin site located a distance, x, from the elastic equilibrium length of the myosin head. The entire population of cross-bridges thus defines a density distribution, n(x, t), where n(x, t)dx is the number of bound cross-bridges stretched between the distance values x and x ϩ dx at time t, and the distance parameter, x, may have any value in the range [ϪX, X]. The partial differential equation of n that defines the Huxley model is (19, 34) :
where F(x, t) and G(x, t) represent, respectively, the rates at which cross-bridges bind to and unbind from the actin binding sites, and v(t) is the velocity of movement of the actin and myosin fibers with respect to each other. The Huxley model further assumes that the elastic stresses in the stretched cross-bridges supply the force for muscle contraction (16, 19, 34) , so that total muscle force is simply the elastic force in each cross-bridge integrated over the entire population. Specifically, if (x) is the force-extension function for a single cross-bridge, then the contribution to muscle force from all the cross-bridges at extension x at time t is (x)n(x,t). This gives the total muscle force P(t) as:
Huxley assumed (16, 19, 34 ) that there exists a maximum possible density, n max(x), of bound cross-bridges at each value of x, and that both binding and unbinding follow first-order kinetics according to
and G͑x, t͒ ϭ n͑x, t͒g͑x͒
for some suitable functions f(x) and g(x). Huxley originally chose functional forms for f(x) and g(x) that permitted an analytical solution to Eq. 1 (34) , but many are possible (19) . The one key constraint of the model is that unbound cross-bridges bind to actin sites located at x Ͼ 0, which means their binding is designed to contribute to muscle shortening and not lengthening. Once bound, however, some crossbridges may be dragged into regions for which x Ͻ 0 as the muscle shortens. We now derive, starting from the Huxley model, a model for ASM that avoids making assumptions about the distribution of cross-bridge extension, n(x, t). We begin by assuming that n max is a constant and thus independent of x (19, 34) . The time-derivative of Eq. 2 provides an expression for the rate of change of active muscle force as
where the second line was obtained by substitution of Eqs. 1, 3, and 4. Applying integration by parts to the second integral on the righthand side of Eq. 5 gives
We can assume without loss of generality that no cross-bridges are bound at the extremes of their ranges of extension by making the magnitude of X large enough to ensure this is the case, so that n(ϪX, t) ϭ n(X, t) ϭ 0. If we further assume that the cross-bridges behave as Hookean springs such that ͑x͒ ϭ Ex
then Eq. 6 becomes
where N(t) is the total number of cross-bridges bound at time t.
To deal with the first integral on the right-hand side of Eq. 5 it is necessary to know the functions f(x) and g(x). As mentioned above, these functions remain a matter of some debate even for skeletal muscle (19, 34) , and in the case of ASM the variations in cross-bridge orientation mean that we really have no idea what f(x) and g(x) should be. Accordingly, in the absence of any particular reason to the contrary we will invoke Occam's Razor and assume that, to a first approximation, f(x) and g(x) can be considered constant for x ʦ [0, X] and x ʦ [ϪX, X], respectively, and zero elsewhere. Furthermore, f(x) is nonzero only for positive allowable values of x where it equals a constant, k on, which reflects the rate at which unbound cross-bridges bind onto actin. This condition ensures that cross-bridge binding acts only to shorten the muscle, in contrast to mechanistically similar models of passive tissue rheology in which binding can be symmetric about the elastic equilibrium position (8) . Thus f͑x͒ ϭ k on ;x ʦ ͓0, X͔ (9) In the case of g(x) it is necessary to allow for bound cross-bridges to detach after they have been dragged into regions of negative x as a result of muscle shortening. Furthermore, it seems reasonable to suppose that relative movement of the actin and myosin fibers will make cross-bridges more likely to detach. Indeed, we have previously invoked this assumption (1), as has Seow (28) . Furthermore, Piazzesi et al. (25) found experimentally that detachment rate was close to being linearly related to shortening velocity. Accordingly, we will let g(x) be a linear function of v(t) such that
where g 0 is a constant that ensures a finite detachment rate under isometric conditions, koff is a constant, and we have normalized v(t) by the maximum unloaded shortening velocity of the muscle, vmax, so that koff has the same units as kon. Equation 10 provides a reasonable description of experimental measurements of the detachment rate constant in skeletal muscle, but the contribution of g 0 to g(x) over most of the velocity range is minimal [see Fig. 4D in (25)] so we will ignore g 0 from now on.
Employing Eqs. 7, 9, and 10 (ignoring g0), the first integral on the right-hand side of Eq. 5 becomes
In analogy with Eq. 2, the middle term on the right-hand side of Eq. 11 is proportional to the component of P(t) arising from those bound cross-bridges for which x is positive. However, because our fundamental premise is that Eq. 2 is inappropriate for ASM, we cannot use it to evaluate n(x, t) for x ʦ [0, X] and thus calculate the middle term of Eq. 11 directly. Instead, we note that this term describes the component of muscle force that acts in the direction of muscle shortening, which is counteracted by the cross-bridges that are bound at values of x that are negative enough to oppose muscle shortening. The greater the velocity of shortening, the greater will be the fraction of bound cross-bridges for which x is negative until eventually the force opposing contraction equals that producing it. At this point the muscle reaches a limiting shortening velocity, v max, and generates no force. There is also evidence in skeletal muscle that the total number of attached cross-bridges decreases as velocity increases (25) . Both mechanisms will cause the second term in Eq. 11 to make a contribution to P(t) that decreases with the velocity of shortening until velocity reaches v max. Assuming a linear relationship for this effect gives
Substituting Eqs. 8, 11, and 12 into Eq. 5 gives
The first term on the right-hand side can be written kon(nmaxX)(EX/ 2), which permits the following observations. The factor nmaxX is the maximum number, Nmax, of cross-bridges that can be bound throughout the entire muscle. The factor EX/2 is another constant of the model, and is the force in a single cross-bridge stretched to half its possible length. This factor can thus be viewed as a measure of the characteristic force, P br, in a single cross-bridge. Of course not all cross-bridges experience the same force, and the mean cross-bridge force decreases with increasing v(t) as increasing numbers of crossbridges become dragged into regions of negative x. Therefore, we cannot simply equate N(t) in the last term of Eq. 13 to the ratio P(t)/P br. Rather, we again invoke the notion, used to derive Eq. 12, that the number of attached cross-bridges decreases with increasing v(t). Assuming direct inverse proportionality between v(t) and N(t) makes this last term a constant, ␣.
With the above observations Eq. 13 becomes
We show in APPENDIX A that Eq. 14 also predicts a hyperbolic force-velocity relationship for ASM of the type that has been measured experimentally (14) . Equation 14 is an ordinary, rather than a partial, differential equation because it simply assumes that crossbridges are either bound or unbound at any point in time. It thus represents a cruder description of cross-bridge kinetics than the classic Huxley model (Eq. 1), but it achieves this description without making assumptions about distributions of cross-bridge extension that are arguably inappropriate for the relatively amorphous internal structure of ASM.
What we were unable to find a convincing explanation for in our previous study (1) is the large reduction in force-generating capacity observed in ASM strips immediately following a large, brief stretch. This phenomenon is illustrated in Fig. 6A in (1) , which shows a stretch-dependent decrement in the amplitude of the force oscillations. This phenomenon cannot be accounted for simply in terms of temporarily detached cross-bridges reattaching with kinetics governed by the parameters k off and kon because if this were the case, then the recovery in force would be much more rapid than is actually observed. The dramatic and sustained reductions in oscillatory force observed experimentally (1) must therefore reflect a more profound mechanical disruption of the contractile apparatus. What such disruptions precisely entail is not clear, but one could imagine that a sudden, violent stretch could rupture the actin and myosin filaments that interact via cross-bridges to generate ASM force. Qi et al. (27) have demonstrated partial dissolution and then reassembly of myosin filaments caused by mechanical perturbation of ASM, although the reassembly process may too rapid to explain the protracted force reduction evident in Fig.  1B . Alternatively, a large enough stretch might even break elements of the cytoskeleton that play a key role in transmitting the force generated by cross-bridge cycling from the ASM cell to the tissue in which it is embedded (10, 12, 35) . This would decouple some of the internal contractile filaments from the cell as a whole, preventing their shortening from contributing to overall force generation. In any case, it appears that there is a level of mechanical stretch above which the contracted ASM tissue sustains some kind of internal damage, as we previously suggested (1), with a commensurate reduction in its capacity to generate active force.
Inspection of Eq. 14 immediately suggests a mechanistically motivated way in which to account for this effect. The factor N max in the first term of Eq. 14 specifies the maximum number of possible cross-bridges that can be bound at any point in time and thus defines the maximum force the muscle can generate. The damage to the contractile machinery caused by sudden stretch presumably reduces N max. To model this, we define a threshold tissue length, lcrit, above which damage occurs, and assume that the damage incurred is proportional to the amount by which tissue strain, l(t), exceeds lcrit. We also assume that recovery from damage occurs exponentially with time, so the muscle eventually regains its full force-generating capacity as the disrupted contractile components are able to repolymerize. Accordingly, we make N max a function of stress and time, thus: (15) where kbreak is a constant governing the rate at which stress disrupts the contractile machinery, kfix is a constant governing the rate at which the machinery is reassembled, and N max,0 is the maximum value of N max that is achieved when the machinery is fully assembled.
Numerical simulations. The model was driven by an imposed oscillatory length change, the time-derivative of which gives v(t). Solving Eqs. 14 and 15 for an arbitrary v(t), however, requires numerical integration. We integrated Eq. 15 using forward Euler integration, but we found that integrating Eq. 14 in this manner required an extremely small step size, ␦t, to obtain solutions that were independent of ␦t. We found that convergent solutions could be obtained with a much larger ␦t using a combination of forward and implicit Euler integration (see APPENDIX B). The initial conditions were P(0) ϭ 0 with an arbitrary initial length of 100%.
We used ␦t ϭ 0.002 s to obtain the results shown below. We also did not allow P(t) to become negative [whenever this happened during the integration of the above equations we simply set P(t) ϭ 0] because soft ASM tissue is not capable of sustaining a compressive force.
Experimental comparison data. We evaluate the performance of the model described above by comparing its ability to predict the key features of experimental data collected in a previous study (1) . These data sets are provided in Fig. 1 . Figure 2 shows the predictions of P(t) obtained by first activating the muscle at constant length for 120 s, then imposing constant-amplitude 2-Hz oscillations in length of the indicated amplitudes about the original length until 700 s, and then maintain the muscle at its original length for the remaining time. The parameters in Eq. 14 were assigned, on the basis of trial and error, the following values: k on ϭ 0.07 s Ϫ1 , k off ϭ 0.001 s Ϫ1 , v max ϭ 0.4 l ref s Ϫ1 (l ref is the reference length of the ASM measured at baseline), and P max N max k on Ϫ ␣ ϭ 0.2 s Ϫ1 . The simulated P(t) profiles show transient and steady-state oscillatory behavior that is qualitatively and quantitatively similar, in terms of its key features, to previous experimental observations obtained under corresponding experimental conditions (Fig. 1A) . These key features include a transient rise in force upon ASM stimulation that reaches a plateau, a dramatic and rapid reduction in peak force immediately following instigation of length oscillations that achieves a level almost independent of the amplitude of the oscillations, and a transient recovery in force when the oscillations stop. Figure 3 shows the predictions of P(t) obtained with Eq. 14 using the same parameters values when the length oscillations (amplitude 2% l ref ) are interrupted by sudden, brief (1 s duration) stretches of amplitudes 5%, 15%, and 25% l ref . recovers quickly to its prestretch level with a time course that resembles that of initial force generation from the relaxed state (see Fig. 2 ). Furthermore, the nature of this recovery is independent of the amplitude of the sudden stretch, in marked contradiction to the experimental observations reproduced in Fig. 1B . However, when Eq. 14 is combined with Eq. 15 to produce a strain-related decrement in N max , the predicted effects of a sudden stretch are much more like the experimental observations, as shown in Fig. 4 (k fix ϭ 0.001 s
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That is, the amplitude of P(t) is reduced in a dose-dependent manner after the stretch, and its recovery is markedly retarded.
DISCUSSION
The force-length behavior of strips of activated ASM has been the subject of intense investigation because of its relevance to the modulation of bronchoconstriction by both tidal breathing and deep lung inflation (1, 3, 5, 11, 15, 23, 30, 31) . These investigations show that imposed length changes can substantially affect active ASM force, but the mechanisms involved still remain a matter of some debate. Several recent modeling efforts have attempted to place ASM force adaptation on a mechanistic basis (4, 7, 32) , all invoking the entirely reasonable idea that some kind of rearrangement of the structural components of the ASM cell is responsible for the response to stretch. These models can become quite complicated in all their details, however, which can be problematic if they are to be uniquely fit to experimental data sets. Also, although these recent models represent notable advances in the field of ASM physiology, their increasing complexity can make it difficult to appreciate the relative roles of all the disparate mechanisms they embody. Our goal in the present study, therefore, was to derive a mechanistically based model of ASM dynamics that recapitulates the essential features of ASM force-length behavior but without becoming burdened by second-order details that, while perhaps affecting the precision of model predictions, do not add to these predictions in an important qualitative sense.
The above considerations caused us to question the widespread use of the Huxley model (16) in combination with the four-state cross-bridge scheme of Hai and Murphy (13) as a description of ASM. Certainly, the Huxley model (Eq. 1) has a venerable history in the annals of muscle physiology, linking structure to function in a very elegant manner that seems entirely appropriate for the ordered sarcomeres of skeletal muscle (16, 19, 34) . In particular, Eqs. 1 and 2 are based on the notion that v(t) must be constant along the lengths of every pair of interacting actin and myosin fibers in the muscle, which means that the fibers must all be aligned in the same direction so that each cross-bridge pulls precisely in this direction (Fig.  5A ). This is significantly more difficult to justify in the case of ASM, however, which has a somewhat amorphous structure in which the actin and myosin filaments are aligned at a variety of angles (33) (Fig. 5B) . There are two approaches to addressing this difficulty. One is to take fiber orientation specifically into account, as in the model of Kroon (20) , but this leads to significant additional complexities, particularly as fiber orien- tation is likely to change as the muscle changes length (21, 32) . Therefore, in line with our goals of seeking simplicity where possible, we took the alternative approach of attempting to coarse-grain the microlevel details of the ASM cell to account for the average effects of these details without explicitly taking the details themselves into account. Achieving our aim while still retaining a valid approximation of reality requires careful consideration of what is of primary importance, and what can be relegated to the level of second-order detail. One of the main justifications for the four-state version of the Huxley model has been its ability to recapitulate the steady-state behavior of activated strips of ASM (4, 23, 24) . On the other hand, models of a Hill forcevelocity generator in series with a passive elastic element can do just as well, if not better in this regard (3) . Nevertheless, it is also clear that the transient force-length behavior of ASM cannot be accounted for without including the kinetics of cross-bridge binding to, and unbinding from, actin (1). Thus there are clearly aspects of the Huxley model that are entirely appropriate for, indeed demanded by, a valid description of ASM dynamics.
Accordingly, we took the view that an alternative model of ASM behavior should bear some definable mathematical relationship to the Huxley model. We found that it is possible to transform the partial differential equation of the Huxley model (Eq. 1) into a simpler, ordinary differential equation (Eq. 14) that still embodies the key notions of force production by cross-bridge cycling as well as the manner in which the velocity of shortening affects the kinetics of cross-bridge binding. This simpler model is also consistent with the classic Hill force-velocity relationship (APPENDIX A) as a result of the assumption of a maximum shortening velocity, v max , via Eq. 12, following the recent analysis of Seow (28) . This model also recapitulates the key features of the transient and steady-state behavior of strips of ASM subjected to small-amplitude sinusoidal oscillations, as evidenced by the comparison of the simulations in Fig. 2 to the experimental data shown in Fig. 1A .
In particular, the model produces marked and rapid decreases in peak oscillatory force once oscillations commence, with peak steady-state force being virtually independent of the amplitude of length oscillation. Also, when oscillations stop, the model predicts a transient recovery of active force to its previous isometric level. These features are all reflective of the tendency for cross-bridges to fall off their binding sites when the actin and myosin fibers move relative to each other, and to then reattach when movement stops, just as predicted by the Huxley model (Eq. 1).
What our previous modeling efforts were not able to achieve, however, was a satisfactory recapitulation of the dramatic and slowly recovering degradations in force-generating capacity observed when activated ASM strips are subjected to sufficiently vigorous stretches (1) . With the new model (Eq. 14) we are able to achieve this in a mechanistically motivated way simply by including a stretch-based reduction in the number of available cross-bridges specified by the parameter N max . This represents the temporary disruption of the contractile apparatus induced by sudden stretch above a specified threshold. The precise mechanisms by which this disruption occurs remain uncertain, but the actin and myosin filaments themselves could well be involved because both are known to polymerize upon muscle activation and to be disrupted by mechanical perturbations (15, 18, 27) . The same mechanism could, in principle, be implemented in the classic Huxley model (Eq. 1), although then it would be necessary to specify stretch-induced alterations to n max as a function of x; in our simpler model we avoid having to decide what this x-dependence might be and simply focus on the total number, N max , of cross-bridges in the muscle.
Also, in the interests of simplicity, we assume here that N max has an inverse dependence on strain above the damage threshold, l crit , and that disruption and recovery of the contractile apparatus follow first-order kinetics (Eq. 15). It could well be that damage also depends on the stress generated in the tissue by stretch. Furthermore, although our choice of the parameter k break in Eq. 15 gives results (Fig. 4) that agree reasonably well with experimental data (Fig. 1B) , the experimental data do not extend out far enough in time beyond the stretch to define the nature of k fix , so the value we use here is merely a guess. Indeed, there is evidence that full recovery of force-generating capacity after a stretch requires repeated cycles of ASM stimulation and relaxation (5) . The nature of the recovery phase also raises questions about the possible role of latch-bridges in the generation of force, because these have been posited to progressively take over from conventional cross-bridges as more energetically efficient load bearers in ASM (6) . Such considerations are beyond the scope of the present study, but may need to be incorporated into the model if it is to accurately account for force recovery over extended time periods.
The models of Silveira et al. (32) , Brook (4), and Donovan (7) also invoke structural remodeling within the ASM cell in response to length change. These models incorporate details of how the remodeling takes place, whereas we have taken the approach here of simply accounting for their net effect by adjusting the value of N max . In so doing, we are not passing judgment on the validity of these more complicated models. Obviously they require a finer level of validation than our simpler model, but on the other hand they offer the possibility of greater mechanistic elucidation. By the same token, we believe that our simpler model highlights the principle phenomena more clearly. These various modeling approaches should thus be viewed as complementary rather than competitive.
Finally, it goes without saying that Eqs. 14 and 15 do not constitute a perfect representation of ASM behavior. For example, the simulated force-length loops (not shown) are significantly narrower than those observed experimentally (1, 9, 31) , but this discrepancy may be explained by the viscoelastic behavior of the connective tissue present in strips of ASM (1, 3) , or by the presence of different populations of cross-bridges (23), or by both of these explanations, neither of which have been accounted for in the present model. Also, the variations in minimum and maximum force during the steady-state portion of the P(t) oscillations in Fig. 2 are not exactly the same as in the experimental observations in Fig. 1A . There are numerous reasons one might invoke to explain a less than perfect match between simulations and data, such as the assumption of a linear dependence of cross-bridge detachment on velocity (Eq. 10); it could easily be that a more complicated relationship pertains in reality. Nevertheless, the general dependencies are the same, showing that Eqs. 14 and 15 together account for many of the key dynamic mechanical features observed in activated strips of ASM. Furthermore, Eq. 15 embodies a mechanistic basis for the stretch-induced reductions in force that have been observed experimentally (1) . Accordingly, we conclude that Eqs. 14 and 15 together constitute a simple yet biophysically justifiable model of ASM contraction dynamics that is consistent with ASM structure. In fact, there is no reason why these two equations should be limited to the description of ASM, because the Huxley model has been applied to other forms of smooth muscle (22) for which the same reservations presumably apply.
APPENDIX A: FORCE-VELOCITY RELATIONSHIP
The solution to Eq. 14 depends on the forcing function, v(t), but it is instructive to consider when v(t) is a positive constant, v. In this case the muscle is contracting at a constant rate, in which case |v| ϭ v. Note that we also make the approximation, in the spirit of coarsegraining, that v(t) ϭ dx(t)/dt, even though this is not strictly correct unless the contractile fibers are precisely lined up in the direction of muscle shortening. This mirrors the measurement of the force-velocity characteristics of a strip of activated muscle tissue where, in the laboratory, the muscle is exposed to a fixed load while its steady-state velocity of shortening is measured after allowing for a brief transient (28, 29) The constant, M, has a value determined by the initial conditions, but the steady-state force, P, is simply the ratio
Now, there is always some internal load, P i, that the muscle must overcome to shorten, even when the external load, Pe, is zero. Because P is the sum of Pi and Pe, we have P ϭ P i ϩ P e (A-5)
which can be combined with Eq. A-4 to give an expression having the same functional form as the classic Hill force-velocity relationship (1, 28) . That is, where a and b are constants. P0 is the isometric force produced when v ϭ 0, which is found by substituting Eqs. A-2 into A-6 to be
Equation A-7 predicts that isometric force increases with the number of cross-bridges that can potentially bind to actin (N max) and the elastic force in each bound cross-bridge (Pbr). Equation A-6 also predicts that isometric force decreases with the magnitude of the internal load, Pi, which must be overcome before the muscle can perform useful external work. All of these dependencies make intuitive sense.
Finally, substituting Eq. A-2 into Eq. A-6, setting v ϭ v max corresponding to Pe ϭ 0, and solving for Pi gives
